
Bone Tissue Mechanics

João Folgado
Paulo R. Fernandes

Instituto Superior Técnico, 2011

PART 7

Biomecânica dos Tecidos, MEBiom, IST

PART  7



Bone AdaptationBone Adaptation

Biomecânica dos Tecidos, MEBiom, IST



Bone Modelling vs. Remodelling

osteogenesis – bone production from soft tissue (fibrosis 
tissue or cartilage) Bone formation in a early stage oftissue or cartilage). Bone formation in a early stage of 
growth. It also happens in bone healing.   

bone modelling – Modelling results in change of bone size 
and shape. The rate of modelling is greatly reduced after 
skeletal matutity. Involves independent actions of 
osteoclasts and osteoblasts.osteoclasts and osteoblasts.

• bone remodelling – Process of replacement of “old bone” 
b “ b ” It i d d t f tiby “new bone”. It repairs damage and prevent fatigue 
damage. Usually does not affect size and shape. Occurs 
throughout life, but is also substantially reduced after 
growth stops. A combined action of osteoclasts and 
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g p
osteoblasts (BMU - Basic multicellular unit).



Bone adaptation (“remodelling”)

b d lli• bone modelling

• bone remodelling• bone remodelling
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Bone adaptation
• Bone adapts depending on its functionBone adapts depending on its function 

• this adaptation is not only in terms of density or trabecular orientation, but it 
affect all properties of bone.

th d t ti i t l th lt f b l it ti• the adaptation is not only the result of an abnormal situation

Biomecânica dos Tecidos, MEBiom, IST



Bone adaptation
t l d t ti ( t l• external adaptation (external 

remodeling) – surface adaptation)
• internal adaptation (internal 
remodeling)

Biomecânica dos Tecidos, MEBiom, IST



Bone adaptation – historical perspective

• In 1838 Ward showed the analogy 
between the trabecular arrangement and a 
street lamp. (region g is represent lessstreet lamp.  (region g is represent less 
dense trabecular bone (sparse trabecular 
struts), usually known as Ward’s triangle)  

• In 1867 Von Meyer (anatomist) andIn 1867 Von Meyer (anatomist) and 
Culmann (Engineer) observe that the 
trabeculae are oriented as the principal 
direction of stresses in a curved crane. 
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I 1892 W lff ( t i t) bli h th b k “D G t

Bone adaptation – historical perspective
• In 1892 Wolff (anatomist) publish the book “Das Gesetz 
der Transformation der Knochen” (The Law of Bone 
Remodeling), where his findings on bone physiology are 
collected. In this book, he state that: “Every change in the , y g
form and the function of a bone or of  their function alone is 
followed by certain definite changes in their internal 
architecture and equally definite secondary alterations in 
their external conformation in accordance withtheir external conformation, in accordance with 
mathematical laws”. 

•Wolff’s statements are know as the “Wolff’s Law”•Wolff s statements are know as the Wolff s Law .
•Today, the meaning of Wolff’s Law  incorporate concepts behind of the Wolff’s observation.
• The basic ideas of Wolff’s observations are:

Optimization of strength with respect to weight
Alignment of trabeculae with principal stress directions
Self-regulation of bone structure by cells responding to a mechanical stimulus. 
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Bone adaptation – historical perspective

• In 1917, Koch confirm the trajectorial theory, i.e., the alignment of trabeculae with 
the stress principal directions. He suggests that the bone density is higher where the 
shear stress is maximum. He also suggests that bone reach the maximum of strength 
with a minimum of bone masswith a minimum of bone mass. 

• By the end of 1920, there appears the “idea” that bone cells can response to local 
mechanical loads and proceed to the correspondent bone adaptation
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mechanical loads and proceed to the correspondent bone adaptation.



Bone adaptation – historical perspective

• Between 1938-1941, Glucksman performed in-vitro experiments with 
tissues on different growing stages:

• subject the growing tissue to different stress levels. j g g
• zones with higher tensile stresses are more ossified.
• ossifying tissue is aligned along the principal tensile stresses.

• In 60’s, Frost (cirurgião ortopédico) studied the physiological mechanisms 
of bone adaptation:

b d i i h l f f d li d d li• bone adaptation is the result of processes of modeling and remodeling.
• on remodeling the osteoclasts and osteoblasts work together without a 
significant bone mass change.
• the relation between strain and bone mass is different in the growing• the relation between strain and bone mass is different in the growing 
phase (modeling) and in the mature phase (remodeling)
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Bone adaptation – historical perspective

• In 1972 Chamay e Tschantz performed osteotomy of the canine radius and 
observed:

• at 9 weeks, significant hypertrophy with 60% to 100% increase in cortical , g yp p y
thickness 
• Noted several cases of fatigue fracture 
• Carter estimated strains were between 5000 and 7000 μstrain; suggested 
hypertrophy due to damagehypertrophy due to damage 

• In 1981 Carter et al. performed osteotomy of ulna in Canines.
• Although the increased from 600 μstrain to 1500 μstrain after osteotomy, no g μ μ y,
significant change in bone geometry were observed.
• It was assumed the existence of a lazy zone on bone adaptation. Basically a 
plateau on the strain level where the bone (in adults) does not adapt. 

• The work of Rubin and Lanyon lead to a similar conclusions, i.e, for adults 
there is a homeostatic level of strain. 
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Bone adaptation – historical perspective
• Rubin and Lanyon (1982) did a survey of the peak strain values in various animal during• Rubin and Lanyon (1982) did a survey of the peak strain values in various animal during 
their daily activity. Values are between 2000-3000 με. 

• They also conclude the static load lead to resorption, and so, it is necessary dynamic loading 
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y p , , y y g
to maintain bone. (4 cycles per day at 2050 με, is enough). 



Bone adaptation – historical perspective

• Frost suggested a different bone adaptation behavior in adolescent and adults.
• Adolescents have a higher sensitivity to the mechanical stimulus than adults, because 
th d li d d li i lt l Th l k f d li i d ltthere are modeling and remodeling simultaneously. The lack of modeling in adults 
diminish the sensitivity to mechanical stimulus.
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Bone adaptation – mathematical models

• In general, it is accepted that bone adaptation is a change on bone 
structure depending on the mechanical stimulus as well as onstructure depending on the mechanical stimulus as well as on 
physiological mechanisms. 

• Usually, bone density and trabecular orientation (for internal 
d t ti ) d b f d it (f t l d t ti )adaptation) and bone surface density (for external adaptation) are 

parameters used to define the bone structure.

•As mechanical stimulus, variables as strain, stress and strain energy 
density are often considered. 
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Bone adaptation – adaptive elasticity theory
•In 1976 Cowin et al. proposed a pioneer mathematical model. Based on continuum 
mechanics laws he assumed bone as a poroelastic material and established the adaptivemechanics laws, he assumed bone as a poroelastic material and established the adaptive 
elasticity theory where the mechanical stimulus is the strain, e=eij.
• The model considers external and internal adaptation, that can be written in a simplified 
way as:

( )0( ) ( , ) ( ) ( )ij ij ijP C P e P e Pυ = ⋅ −n

External Adaptation – the bone boundary is changing until it reaches a stationary stage 
according to: (υ represents the remodeling velocity in the normal direction).

( )( ) ( , ) ( ) ( )ij ij ij

External Remodeling – the bone volume fraction changes until it reaches a stationary stage 
according to (μ is the volume fraction).

dμ% ( ) ( ) ( ) 0,ij ij ijkl ij kl
d a A e B e e
dt
μ μ μ μ μ μ μ= + + = −% % % %

• Later, Cowin introduced the fabric tensor, and rewrite the law of bone adaptation according 
with it. This second order tensor is “is a symmetric second rank tensor that is a quantitative y q
stereological measure of the microstructural arrangement of trabeculae and pores” and the 
its principal directions coincide with the trabecular orientation. So, the elastic properties are 
function of volume fraction and the fabric tensor H, i.e., E=E(μ,H). The equilibrium equation 

d t th b f t b l li t h th t b l li d ith th

Biomecânica dos Tecidos, MEBiom, IST

correspond to the absence of trabecular alignment, when the trabeculae are aligned with the 
principal stress directions.



Bone adaptation – Fyhrie and Carter model
I 1986 F h i d C t d l d th i b d t ti d l Th d fi th d l• In 1986 Fyhrie and Carter developed their bone adaptation model. They define the model as 

a self optimization model, and not as an evolutionary model.
• In some versions of the model bone is assumed isotropic with properties given by an 
exponential law:p

0 ( ) pE E ρ= ⋅

where E is the Young modulus of bone for na apparent density ρ, E0 is a parameter and  p an exponent (E is given in  MPa, ρ in g/cm3, used 
values were E0=3790 and  p=3, from Carter and Hayes, 1977). 

• When a multiload formulation is 
considered the evolution law is given 
by,

1 2

( )
M

M
P P

P
C nρ σ⎡ ⎤= ⎢ ⎥⎣ ⎦

∑

y,

where ρ is the apparent density, nP is the number of cycles 
for load P, σP is a scalar measure for stress and C and M 
are constants.
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Bone adaptation – Huiskes model

• In 1987, Huiskes and co-workers developed an evolutive model for bone 
adaptation based on the previous models and observations. 

Th h i l i l i h l i i d i (i i l• The mechanical stimulus is the elastic strain energy density (it is a scalar 
value)

elastic strain energy density → U=1/2 σ εelastic strain energy density → U=1/2.σijεij

• Bone is considered an isotropic material

• The model addresses the problem of internal and external adaptation 
(indeed, the internal adaptation is more used in later works).

• The model assumes a plateau region, i.e. a range of strain energy the where 
the stimulus is null.
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Bone adaptation – Huiskes model
F i t l b d t ti th l ti l b itt• For internal bone adaptation the evolutive law can be written as,

UU⎧ ⎛ ⎞(1 ) , if  (1 )

0,

UUB s k s k

d otherwise
dt

ρ ρ
ρ

⎧ ⎛ ⎞
− − ⋅ < − ⋅⎪ ⎜ ⎟

⎝ ⎠⎪⎪= ⎨
⎪ ⎛ ⎞

h

(1 ) , if  (1 )
dt

U UB s k s k
ρ ρ

⎪ ⎛ ⎞⎪ − + ⋅ > + ⋅⎜ ⎟⎪ ⎝ ⎠⎩

where:
• ρ is the apparent density
• t is the time variable (dρ/dt is the velocity of bone adaptation)
• U is the elastic strain energy density (U=1/2 σ ε)• U is the elastic strain energy density (U=1/2.σ.ε)
• k is a reference value
• B is a parameter
• s is a reference value to define the plateau (half of the plateau lenght)
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s is a reference value to define the plateau (half of the plateau lenght).



Bone adaptation – Huiskes model
•the model can be graphically represented as follows:

ganho

•the model can be graphically represented as follows:
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• the plateau represent a range of values where the

(1 ) , if  (1 )U UB s k s k
ρ ρ

⎪ ⎛ ⎞⎪ − + ⋅ > + ⋅⎜ ⎟⎪ ⎝ ⎠⎩loss
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• the plateau represent a range of values where the 
stimulus is zero



Bone adaptation – Huiskes model
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• in the pionner work (1987) the used value for s were s = 0% 5% 15% 30%

loss

• in the pionner work (1987) the used value for s were s = 0%, 5%, 15%, 30%.

• in some works they used k = 0.0025 J/g (in the 1987 work, for external remodeling,  they used for 
the periosteum surface a value of U0 = 5.03×10−6 MPa).

• the modulus of elasticity for bone can be defined as:

E = 3790.ρ 3

h E i i i M d i / 3 f  0 01 1 74 / 3
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where E is given in Mpa and ρ in g/cm3 for ρ = 0.01−1.74 g/cm3



Bone adaptation – Huiskes model
UU⎧ ⎛ ⎞(1 ) , if  (1 )
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• computationally the problem can be solved 
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• the value ∆t×B, is a step size and should be adjusted conveniently.



Bone adaptation – Huiskes model
f lti l l d• for multiple loads:
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where Ua is na average of the strain energy,
1

1 n
a i

i

U U
nρ ρ=

= ∑ for n load cases.
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Bone adaptation – Huiskes model
• there are some variations of this law:• there are some variations of this law:
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Huiskes model - example

⎛ ⎞

Adaptation Law:

ρ n=4

p=200 N/mm

ρ n=2ρ n=6

d UB k
dt

U

ρ
ρ

⎛ ⎞
= − ⋅ ⇒⎜ ⎟

⎝ ⎠
⎛ ⎞

20 mm

ρ ρ ρ

1 stepk k
U kρ ρ
ρ+

⎛ ⎞
⇒ = + × −⎜ ⎟

⎝ ⎠ρ n=1ρ n=5 ρ n=3

• used parameters: s = 0%, k = 0.0025 J/g = 2.5 N.mm/g

20 mm

p , g g

• material model: E= 3790.ρ 3, E em MPa, ρ = 0.01−1.74 g/cm3

•Initial densities: ρ n=1,2 = 0.8 g/cm3;  ρ n=3,4 = 1.2 g/cm3 ;  ρ n=5,6 = 1.6 g/cm3
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Huiskes model – example (iteration 1)
S l i th li l ti it bl (ABAQUS)• Solving the linear elasticity problem (ABAQUS) →

Un=1 =6.426 N/mm2 ; Un=2 = 6.366 N/mm2

Un=3 =2.887 N/mm2 ; Un=4 = 2.973 N/mm2

Un=5 =1 048 N/mm2 ; Un=6 = 1 077 N/mm2Un 5 =1.048 N/mm2 ; Un 6 = 1.077 N/mm2

• Adaptation (ρk+1=ρk+step×(U/ρ – k)): 
ó 1 U/  k 6 426/0 8 2 5 5 533 ó 2 U/  k 6 366/0 8 2 5 5 458nó 1: U/ρ – k = 6.426/0.8–2.5 = 5.533; nó 2: U/ρ – k = 6.366/0.8–2.5 = 5.458;

nó 3: U/ρ – k = 2.887/1.2–2.5 = – 0.094; nó 4: U/ρ – k = 2.973/1.2–2.5 = – 0.023;
nó 5: U/ρ – k = 1.048/1.6–2.5 = – 1.845; nó 6: U/ρ – k = 1.077/1.6–2.5 = – 1.827;ρ ; ρ ;

With a step= 0.1 we obtain: 
nó 1: ρk+1=ρk+passo×(U/ρ – k)= 0.8+0.1×5.533 => ρ n=1 =1.353 g/cm3

nó 2: ρk+1=ρk+passo×(U/ρ – k)= 0.8+0.1×5.458 => ρ n=2 =1.346 g/cm3

nó 3: ρk+1=ρk+passo×(U/ρ – k)= 1.2–0.1×0.094 => ρ n=3 =1.191 g/cm3

nó 4: ρk+1=ρk+passo×(U/ρ – k)= 1.2–0.1×0.023 => ρ n=4 =1.198 g/cm3

ó 5 (U/  k) 1 6 0 1 1 845 5 1 416 / 3
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nó 5: ρk+1=ρk+passo×(U/ρ – k)= 1.6–0.1×1.845 => ρ n=5 =1.416 g/cm3

nó 6: ρk+1=ρk+passo×(U/ρ – k)= 1.6–0.1×1.827 => ρ n=6 =1.417 g/cm3



Huiskes model – example
p=200 N/mm

ρ n=1,2 = 0.8 g/cm3

ρ n=3,4 = 1.2 g/cm320 mm

ρ n=4 ρ n=2ρ n=6

ρ g

ρ n=5,6 = 1.6 g/cm3
ρ n=1ρ n=5 ρ n=3

20 mm

p=200 N/mm

20

ρ n=4

p 00 N/

ρ n=2ρ n=6 ρ n=1 =1.353 g/cm3

ρ n=2 =1.346 g/cm3
20 mm

ρ n=1ρ n=5 ρ n=3

ρ n=3 =1.191 g/cm3

ρ n=4 =1.198 g/cm3

ρ n=5 =1.416 g/cm3

6 1 417 / 3
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20 mm
ρ n=6 =1.417 g/cm3



Huiskes model – example (iteration 2)
S l i th li l ti it bl (ABAQUS)• Solving the linear elasticity problem(ABAQUS) →

Un=1 =2.618 N/mm2 ; Un=2 = 2.618 N/mm2

Un=3 =2.459 N/mm2 ; Un=4 = 2.459 N/mm2

Un=5 =2 307 N/mm2 ; Un=6 = 2 037 N/mm2Un 5 =2.307 N/mm2 ; Un 6 = 2.037 N/mm2

• Adaptation (ρk+1=ρk+passo×(U/ρ – k)): 
ó 1 U/  k 2 618/1 353 2 5 0 565 ó 2 U/  k 2 618/1 346 2 5 0 555nó 1: U/ρ – k = 2.618/1.353–2.5 = – 0.565; nó 2: U/ρ – k = 2.618/1.346–2.5 = – 0.555

nó 3: U/ρ – k = 2.459/1.191–2.5 = – 0.435; nó 4: U/ρ – k = 2.459/1.198–2.5 = – 0.447
nó 5: U/ρ – k = 2.307/1.416–2.5 = – 0.871; nó 6: U/ρ – k = 2.307/1.417–2.5 = – 0.872ρ ; ρ

With a step= 0.1 we obtain: 
nó 1: ρk+1=ρk+passo×(U/ρ – k)= 1.353–0.1×0.565 => ρ n=1 =1.297 g/cm3

nó 2: ρk+1=ρk+passo×(U/ρ – k)= 1.346–0.1×0.555 => ρ n=2 =1.291 g/cm3

nó 3: ρk+1=ρk+passo×(U/ρ – k)= 1.191–0.1×0.435 => ρ n=3 =1.148 g/cm3

nó 4: ρk+1=ρk+passo×(U/ρ – k)= 1.198–0.1×0.447 => ρ n=4 =1.155 g/cm3

ó 5 (U/  k) 1 416 0 1 0 871 5 1 329 / 3
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nó 5: ρk+1=ρk+passo×(U/ρ – k)= 1.416–0.1×0.871 => ρ n=5 =1.329 g/cm3

nó 6: ρk+1=ρk+passo×(U/ρ – k)= 1.417–0.1×0.872 => ρ n=6 =1.330 g/cm3



Huiskes model – example (iteration 3)
S l i th li l ti it bl (ABAQUS)• Solving the linear elasticity problem(ABAQUS) →

Un=1 =2.919 N/mm2 ; Un=2 = 2.919 N/mm2

Un=3 =2.813 N/mm2 ; Un=4 = 2.813 N/mm2

Un=5 =2 709 N/mm2 ; Un=6 = 2 709 N/mm2Un 5 =2.709 N/mm2 ; Un 6 = 2.709 N/mm2

• Adaptation (ρk+1=ρk+passo×(U/ρ – k)): 
ó 1 U/  k 2 919/1 297 2 5 0 249 ó 2 U/  k 2 919/1 291 2 5 0 239nó 1: U/ρ – k = 2.919/1.297–2.5 = – 0.249; nó 2: U/ρ – k = 2.919/1.291–2.5 = – 0.239

nó 3: U/ρ – k = 2.813/1.148–2.5 = – 0.050; nó 4: U/ρ – k = 2.813/1.155–2.5 = – 0.065
nó 5: U/ρ – k = 2.709/1.329–2.5 = – 0.462; nó 6: U/ρ – k = 2.709/1.330–2.5 = – 0.463ρ ; ρ

With a step= 0.1 we obtain: 
nó 1: ρk+1=ρk+passo×(U/ρ – k)= 1.297–0.1×0.249 => ρ n=1 =1.272 g/cm3

nó 2: ρk+1=ρk+passo×(U/ρ – k)= 1.291–0.1×0.239 => ρ n=2 =1.267 g/cm3

nó 3: ρk+1=ρk+passo×(U/ρ – k)= 1.148–0.1×0.050 => ρ n=3 =1.143 g/cm3

nó 4: ρk+1=ρk+passo×(U/ρ – k)= 1.155–0.1×0.065 => ρ n=4 =1.149 g/cm3

ó 5 (U/  k) 1 329 0 1 0 462 5 1 283 / 3
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nó 5: ρk+1=ρk+passo×(U/ρ – k)= 1.329–0.1×0.462 => ρ n=5 =1.283 g/cm3

nó 6: ρk+1=ρk+passo×(U/ρ – k)= 1.330–0.1×0.463 => ρ n=6 =1.284 g/cm3



Huiskes model – example (iteration 4)
S l i th li l ti it bl (ABAQUS)• Solving the linear elasticity problem(ABAQUS) →

Un=1 =3.009 N/mm2 ; Un=2 = 3.009 N/mm2

Un=3 =2.963 N/mm2 ; Un=4 = 2.963 N/mm2

Un=5 =2 918 N/mm2 ; Un=6 = 2 918 N/mm2Un 5 =2.918 N/mm2 ; Un 6 = 2.918 N/mm2

• Adaptation (ρk+1=ρk+passo×(U/ρ – k)): 
ó 1 U/  k 3 009/1 272 2 5 0 134 ó 2 U/  k 3 009/1 267 2 5 0 125nó 1: U/ρ – k = 3.009/1.272–2.5 = – 0.134; nó 2: U/ρ – k = 3.009/1.267–2.5 = – 0.125

nó 3: U/ρ – k = 2.963/1.143–2.5 = 0.092; nó 4: U/ρ – k = 2.963/1.149–2.5 = 0.079
nó 5: U/ρ – k = 2.918/1.283–2.5 = – 0.226; nó 6: U/ρ – k = 2.918/1.284–2.5 = – 0.227ρ ; ρ

With a step= 0.1 we obtain : 
nó 1: ρk+1=ρk+passo×(U/ρ – k)= 1.272–0.1×0.134 => ρ n=1 =1.259 g/cm3

nó 2: ρk+1=ρk+passo×(U/ρ – k)= 1.267–0.1×0.125 => ρ n=2 =1.255 g/cm3

nó 3: ρk+1=ρk+passo×(U/ρ – k)= 1.143+0.1×0.092 => ρ n=3 =1.152 g/cm3

nó 4: ρk+1=ρk+passo×(U/ρ – k)= 1.149+0.1×0.079 => ρ n=4 =1.157 g/cm3

ó 5 (U/  k) 1 283 0 1 0 226 5 1 260 / 3
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nó 5: ρk+1=ρk+passo×(U/ρ – k)= 1.283–0.1×0.226 => ρ n=5 =1.260 g/cm3

nó 6: ρk+1=ρk+passo×(U/ρ – k)= 1.284–0.1×0.227 => ρ n=6 =1.261 g/cm3



Huiskes model – example

p=200 N/mm

20 mm

ρ n=4 ρ n=2ρ n=6

ρ n=1ρ n=5 ρ n=3

20 mm

• The stationary solution, dρ/dt = 0 is obtained for: ρ n ≈ 1.2 g/cm3
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Bone adaptation – Huiskes model

• This model (for internal 
remodeling) was applied by 
Huiskes and co-workers, to study , y
the bone adaptation, not only for 
an intact bone, but also to study 
the bone adaptation around 
implants. This way, it is possible 
to study the stress shield effect on 
the host bone.
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Bone adaptation – model of Beaupré et al.
• In 1990, Beaupré, Orr and Carter, presented a theory for evolutionary bone adaptation based on the 

i d l b h l k i h b fprevious model but that also take in account the bone surface area. 
• Bone is considered isotropic and properties obtained by na exponential law. The mechanical 
stimulus is the stress (similar to Fyhrie and Carter), and also consider multiple loads.  
• The introduction of the bone surface area is an attempt to introduce information about the internalThe introduction of the bone surface area is an attempt to introduce information about the internal 
morphology of the trabecular bone. It is considered the trabecular surface play an important role on 
the internal bone remodeling. The potential for remodeling is related to the bone surface area. 

( )
1

2 ( ) ( )
M

Md A Sρ ⎡ ⎤Ψ Ψ Ψ ⎢ ⎥∑( )2
0 ( ), ( )M

v P P
P

A S n
dt
ρ μ ρ σ= Ψ ⋅ − Ψ ⋅ Ψ = ⎢ ⎥⎣ ⎦

∑
where ρ represent the bone apparent density, t the time, μ the volume fraction, Ψ0 is a reference value, Sv bone surface area density, 
nP is the number of cycles for load P, σP is a scalar measure of stress and A, M are constants. 
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Bone adaptation – a brief summary of proposed models
Considering  bone as an isotropic structural material

• Hart et al., A computational model for stress analysis of adaptive elastic materials with a view toward applications in
strain-induced bone remodeling. J. Biomech. Eng., (1984)
• Huiskes et al., 1987. Adaptive bone-remodeling theory applied to prosthetic-design analysis. J. Biomech. (1987)
• Carter et al., Trabecular bone density and loading history: regulation of tissue biology by mechanical energy.
J Biomech (1987)J. Biomech. (1987)
• Beaupré et al., An approach for time-dependent bone modeling and remodeling-theoretical development. J. Orth.
Res. (1990)
• Weinans et al., The behavior of adaptive bone-remodeling simulation models. J. Biomech. (1992)

• Cowin et al., An evolutionary Wolff's law for trabecular architecture, J. Biomech. Eng. (1992)
• Jacobs et al., Adaptive bone remodeling incorporating simultaneous density and anisotropy considerations.
J Bi h (1997)

Considering trabecular orientation or bone anisotropy 

J. Biomech. (1997)
• Hart et al., Introduction to finite element based simulation of functional adaptation of cancellous bone. Forma (1997)
• Fernandes et al., A model of bone adaptation using a global optimization criterion based on the trajectorial theory of
Wolff. Comp. Meth. Biomech. Biomed. Eng. (1999)
• Rodrigues et al Global and local material optimization applied to anisotropic bone adaptation In P Perdersen andRodrigues et al. Global and local material optimization applied to anisotropic bone adaptation. In. P. Perdersen and
M.P. Bendsoe (Eds), Synthesis in Bio Solid Mechanics (1999)
• Doblaré and Garcia, Anisotropic bone remodelling model based on a continuum damage-repair theory. J. Biomech.
(2002)
• P. Coelho, P. R. Fernandes, J.B. Cardoso, J. M. Guedes and H. C. Rodrigues, “Numerical Modeling of Bone Tissue
Adaptation A Hierarchical Approach for Bone Apparent Density and Trabecular Structure” Journal of Biomechanics
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Adaptation – A Hierarchical Approach for Bone Apparent Density and Trabecular Structure , Journal of Biomechanics,
42, pp. 830-837, 2009.



Bone adaptation – Lisbon model 
a model based on structural optimization
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P. Fernandes, H. Rodrigues and C. Jacobs, “A Model of Bone Adaptation Using a Global 
Optimisation Criterion Based on The Trajectorial Theory of Wolff”, Computer Methods in 
Biomechanics and Biomedical Engineering 2 pp 125 138 1999
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Biomechanics and Biomedical Engineering, 2, pp. 125-138, 1999



Bone adaptation – Lisbon model 
a model based on structural optimization

κ – metabolic 
cost associated,

min
NC

P P P
i if u dα

⎡ ⎛ ⎞
⎢ Γ⎜ ⎟

⎜ ⎟⎢ ⎝ ⎠⎣
∑ ∫a θ

( )d
Ω

⎤
+ Ω⎥

⎥⎦
∫κ ρ a

cost associated 
to bone 
apposition

, 1
f

P= Γ
⎜ ⎟⎢ ⎝ ⎠⎣

a θ
bΩ ⎥⎦

Total bone 
mass

compliance

0 1 , 1,2,3ia i≤ ≤ = and  the equilibrium equation
s.t.

mass(maximize stiffness)

Law of Bone Remodeling:

( ) ( ) 0
e eNC
ijklP P P

kl ij

E
e e

⎡ ⎤ ∂
− ⋅ =⎢ ⎥∑

∂ ρα κu u

Law of Bone Remodeling:

( ) ( )
1

0kl ije e
P

e e
=

⎢ ⎥ ∂⎢ ⎥⎣ ⎦
∑α κ

∂
u u

a a

It is the stationarity condition of the above problem and it represents
the law of bone remodelling in the sense that whenever it holds the
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the law of bone remodelling in the sense that whenever it holds the
remodelling equilibrium is achieved.



Bone adaptation – Lisbon model 
a model based on structural optimization

1
1

2

2

3
3

2
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Bone adaptation – Lisbon model 
a model based on structural optimization

multi-scale model

Femur Trabecular bone- Bone is a hierarchical (multi-scale) material: 
several organizational levels can be identified 
from the macroscale to the nanoscalefrom the macroscale to the nanoscale.

- The two top levels correspond to the entire 
bone and trabecular structure (density, mech. 
properties, material symmetry).

P. Coelho, P. R. Fernandes, J.B. Cardoso, J. M. Guedes and H. C. Rodrigues, “Numerical 
Modeling of Bone Tissue Adaptation – A Hierarchical Approach for Bone Apparent Density and 
Trabecular Structure”, Journal of Biomechanics, 42, pp. 830-837, 2009.
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P.G. Coelho, P.R. Fernandes, H.C. Rodrigues, “Multiscale Modeling of Bone Tissue with 
Surface and Permeability Control”, Journal of Biomechanics, 44(2), pp.321-329, 2011. 



Macro scale Microscale
Bone adaptation – Lisbon model - multi-scale model

ρ = 1

(Bone apparent density) (Trabecular architecture)

Macro‐density field ρ(x)∈]0,1]

Periodic patterns Base cellsy3

Local or micro‐density field μ(y)∈]0,1]

t
ρ  1

y
y2

y1

YΓtt

d
Γu

x2

x

ρ = 0
Homogenization SIMPInterpolations schemes Biological 

factors

x1x3
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Two material distribution problems – Global/Local
factors



Bone adaptation – Lisbon model - multi-scale model 
Law of Bone remodeling

In the multiscale model the apparent density ρ depends on a micro 
field μ which defines the trabecular architecture (microstructure):

( ) ( )1 , d ,
Y

Y Ω
Y

= ∀ ∈∫x x y xρ μ

( )
( ) ( ) ( )
Hd P
ijkl r r r

ij kl

E μ
α k

∂
⎡ ⎤= −⎣ ⎦∑ u uμ ε ε

The value of μ is defined by the evolution law:

Cost of bone 
f ti( ) ( ) ( )

1d , ij kl
rt μ =

⎣ ⎦∂ ∑x y

Mechanical Stimulus

formation

This equation correspond to the law of bone remodeling in the sense 
that when dμ / dt = 0, the remodelling equilibrium is achieved.
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Bone adaptation – Lisbon model - multi-scale model 
Results –bone anisotropy

Gibson, 1985,
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Gibson, 1985



Bone adaptation – Lisbon model - multi-scale model 
Results –bone anisotropy

Gibson, 1985
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Bone adaptation – Lisbon model - multi-scale model 
Bone surface control
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Bone adaptation – Lisbon model - multi-scale model 
permeability control
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Bone adaptation – comparison with structural optimization problems
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Bone adaptation – numerical issues 
checkerboard

• the numerial solution is sometimes• the numerial solution is sometimes 
instable and can lead to a final 
solution with checkerboard patterns.

• Usually, it appears in a final stage 
of the iterative process where 
intermediate densities should appear. pp
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Bone adaptation – numerical issues 
checkerboard

• a possible solution is to 
th t th ti l tassume that the stimulus at a 

point is an average value of the 
stimulus at the neighbor points. 
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Orthopedic implants – articular joint diseases

• osteoarthritis is the more usually cause of joint pain

• the substitution of the natural joint by an artificial one is 
a solution for these problems.
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Orthopedic implants

• 0.5 to 1 million of total hip arthroplasty per year worldwide.

• the principal causes are the osteoarthritis rheumatoid arthritis osteonecrosis andthe principal causes are the osteoarthritis, rheumatoid arthritis, osteonecrosis and
fracture.

• the biggest cause is osteoarthritis.
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Orthopedic implants – total joint replacement
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total hip arthroplasty – surgical procedure

Femoral headFemoral head 
removed

Acetabular component
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total hip arthroplasty – surgical procedure

Femoral component 
(stem) – in general is 

made of Co-Cr, titanium 
or steel, the head is 
usually on Co-Cr or 

ceramic.

Final
assemblingassembling
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total hip arthroplasty – stem fixation

with bone cement biological fixationg
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total hip arthroplasty – stem fixation with cement

• the polymerization of the bone cement (PMMA) is an
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p y ( )
exothermic process and it originates high temperatures that can
lead to bone necrosis.



total hip arthroplasty – biological stem fixation

• immediately after the surgery there is no
osteointegration.
• to obtain osteointegration (bone ingrowth), it
is necessary to achieve suitable mechanical
conditions. The stability of the stem (i.e., small
interface displacements) is one of the
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requirements.



total hip arthroplasty – revision rates

• for a moderate active patient, an hip implant can have a lifetime of 15 - 20 years → and for
a more active patient (younger)?

• most of the patients with hip implant and moderate activity do not have pain in the first 10-

Biomecânica dos Tecidos, MEBiom, IST

15 years



Orthopaedic implants– revision

• one of the biggest problem is the aseptic loosening.gg p p g

• another problem is the bone resorption around the implant that can lead to failure and make
difficult the revision surgery.
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Orthopaedic implants – load transfer

Voigt model → Eeq = (A1 /A) . E1 + (A2 /A) . E2

F1= [(A1.E1)/(A1.E1+ A2.E2)] , F2= [(A2.E2)/(A1.E1+ A2.E2)]

• the stiffest material supports more loadthe stiffest material supports more load.

• before reach the situation described by voigt model, 
it is necessary to transfer the load from a component 
to the other one..
• the loading transfer is due to shear stress on the 
interface.
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Orthopaedic implants – load transfer

N0
1

2 M0

• there are some analogies between load transfer in bending and under axial loading.
th l d t f b t th t t k l th d f th i t f
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• the load transfer between the components takes place near the ends of the interface.



Orthopaedic implants – load transfer

• shear stress only exist if the interface is bonded or 
if there is friction between the two components
• if there is no shear stress, the stem subsidence will ,
originate forces to support the stem. 
• the fully bonded model is a model for ideal 
conditions. 

• the obtained interface stress strongly depends on 
h i f di ithe interface conditions. 
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Orthopaedic implants – influence of the stem material

•The stem material is stiffer than bone It•The stem material is stiffer than bone. It 
leads to the stress shielding effect and 
consequently to the bone resortpion.
• more stiff stems originate  more stress g
shielding, and thus more bone resorption.
• the bone cement is less stiff than the bone 
and the stem.
• it is possible to analyze the cemented 
stem assuming the stem/cement set as a 
single component with an intermediate 
(equivalent) stiffness(equivalent) stiffness. 
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Orthopaedic implants – influence of the stem material

• the interface displacement on the 
interface is an important issue for the 
implant analysisimplant analysis.
• more flexible (compliant) stems are 
subjected to higher interface 
displacements.p
• higher displacement on the interface 
lead to a high loosening rate.

• a correct choice of the stem stiffness 
should take in account these different 
aspects, and a compromise solutions 

t b hi dmust be achieved. 
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